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Abstract

While most of the literature starting with Shapley and Scarf (1974) have con-
sidered a static exchange economy with indivisibilities, this paper studies the dy-
namics of such an economy. We find that both the dynamics generated by compet-
itive equilibrium and the one generated by weakly dominance relation, converge
to a set of allocations we define as strictly stable, which we can show to exist.
Moreover, we show that even when only pairwise exchanges between two traders
are allowed, the strictly stable allocations are attained eventually if traders are suf-
ficiently farsighted.

JEL classification: D78, C71
Keywords: indivisible goods market, dynamics, competitive allocation, strict core,
foresight, stable set

1 Introduction

Since Shapley and Scarf (1974) have considered a market with indivisible goods, called
a housing market, as a game without side payments, several authors have explored the
properties of this market. Shapley and Scarf themselves define the core of this market
in the usual way, as the set of allocation which are not strictly blocked by any other
allocation, and show that it is always non-empty. Moreover, they also show that the set
of competitive allocations is also non-empty and is included in the core of this market.
Itis, however, also known that there exist some troublesome properties in the hous-
ing market. First, the core may contain an allocation that is weakly Pareto dominated
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by other allocation. Second, the allocations in the core can be “unstable” if we consider
the dynamics of exchange of indivisible goods in the following way. Roth and Postle-
waite (1977) show that an allocatiarin the core of the market with initial endowment

w may not be stable onceis realized;a is not guaranteed to be in the core of the
market with initial endowment. This instability inspired Roth and Postlewaite (1977)
and subsequent works to focus on the strict core. It is known that the strict core satis-
fies nice properties (Wako, 1984, 1991). However, it is known that the strict core may
be empty. Shapley and Scarf (1974) and Roth and Postlewaite (1977) also consider
competitive allocations, but this competitive “mechanism” is not Pareto-satisfactory.
That is, even ifa is a competitive allocation of some market, there may exist another
allocationb in the market such thatweakly Pareto-dominates Moreover, in some
market, competitive mechanism may lead to only the Pareto-inefficient allocations.

In this paper, we attempt to resolve these problems by explicitly defining the dy-
namics of exchanging the indivisible goods among traders and provide an alternative
solution, which we call strict stability (a stronger stability notion than the one proposed
by Roth and Postlewaite, 1977), defined from our dynamics. An allocation is strictly
stable if this allocation belongs to the strict core of the market with this allocation it-
self being an initial allocation. We show that, unlike the strict core, a strictly stable
allocation always exists.

To illustrate what kinds of dynamic property the set of strictly stable allocations
possesses, we introduce two different dynamics: competitive dynamics and the weak
dominance dynamics. In the competitive dynamics, each of the competitive allocations
of the market is chosen with positive probability, and once chosen, this allocation is
realized and go to next step; in the next step, one of the competitive allocation of this
new market is chosen, and so forth. The weakly dominance dynamics is also similarly
defined. We show that from any initial allocation, in the competitive dynamics, the
dynamic process converges with probability one to some strictly stable allocation. This
implies that the result like the first theorem of welfare economics holds in the dynamics
of Shapley-Scarf housing market, since it is shown that a strictly stable allocation is
Pareto-efficient. The same result holds for the weakly dominance dynamics.

Our dynamic models are critically different from the dynamic recontracting model
introduced by Serrano and \olij (2008). Serrano and \Volij (2008) consider the dy-
namic recontracting process in the housing market where in each step, one coalition is
randomly chosen and the members in this selected coalition can propose to recontract
the allocation of their endowment. Serrano and Volij (2008) consider a static exchange
economy, in which recontracting is based on an initial endowment that is fixed through-
out the model. They support this assumption by citing the labor market as an example
and claiming that entrepreneurs “do not sell the labour units that they bought in the
previous period.”

In contrast, our dynamic models describe a transition of allocations, reflecting the
situation in which agents do sell what they obtained in the previous period. Our mod-
els are similar to Roth and Vande Vate (1990) in this respect. Roth and Vande Vate
(1990) consider a transition of matching pairs in marriage market where in each step,
one of the blocking coalitions is randomly chosen and selected coalition changes the
current matching to the others by the blocking deviation. They show that this dynamics
converges with probability one to a stable matching.

In some situations, it may be natural to consider the case in which only pairwise
trading is allowed . However, we note that the pairwise weakly dominance dynamics,
which is the weakly dominance dynamics admitting only two players deviation, may
stop at a Pareto-inefficient allocation. This limitation of the dynamics is due to the



myopia of the traders. If we incorporate the foresight of the traders in the dynamics,
the dynamics eventually reaches a Pareto-efficient allocation. Here, we introduce a
slightly different notion, a pairwise weakly farsighted stable set, from the dynamics
considered before. The pairwise weakly farsighted stable set is a stable set of von
Neumann and Morgenstern (1953) according to the dominance relations that describes
both pairwise trading and foresight of players. We show that the set of the strictly stable
allocations is a unique pairwise weakly farsighted stable set of the housing market.

The rest of the paper is organized as follows. In the next section, the market with
indivisible goods is explained. In Section 3, two types of dynamics are considered. In
Section 4, we consider the foresight of traders and incorporate this foresight into the
dynamics. Section 5 is a conclusion.

2 The market with indivisible goods

Let N = {1,2,...,n} be the set of players (traders or owners). A non-empty subset
S of N is called a coalition. There areindivisible goodsu, . .., w, in the market,
and initially eachi ownsw; as his endowment. Denotth player’s preference relation
by ., wherew; 7Z; w, means trader prefers the goods ; at least as well ag;,. The
strict preference relatior; and the indifference relatior; are obtained front; by
the usual manner.
Leta = (a1,...,a,) be an allocation of the market whege = w,; means trader
i is assignedv; by this allocation. Since each player owns at most one itgms
w; implies that there does not exiBt# ¢ such thata, = w;. By definition,w =
(w1, ...,wy,) is an allocation. The set of allocations is denotedtyBecause there
is no externality, for € N and two allocations, b € A, we writea 7Z; b if a; 77; b;.
The strict preference relation and the indifference relation are also extended over the
set of allocations.
For two allocations:, b € A, we say that: weakly Pareto-dominatésif a 77; b
forall i € N anda ~; b for somej € N. An allocationa is said to be Pareto-efficient
if there does not exigt € A such thab weakly Pareto-dominates
Fixing the player set and the preference relations, the market depends only on the
initial endowment, and thus we denote the market with initial allocatiby M (a).
Given a market\/ (a), we say that an allocation(strongly) block$ an allocation
b if there is some coalitio’ such that

(b.i){ci:ie S}t={a;:i €5},
(b.ii) ¢ >=; bforalli € S.

The first condition states that the coalitiéhis effective for the allocatiom, and the
second condition states that every membe$ sfrictly prefersc to b.

We define weak blocking by relaxing condition (b.ii) to (b.i'}y-; b foralli € S
andc =; b for somei € S.

The core of the market/(a), denoted byC(a), is the set of allocations that are
not blocked by any other allocation in the marldt(a). The strict core of the mar-
ket M (a), denoted bySC(a), is defined by the set of allocations that are not weakly
blocked by any other allocation.

1in this paper, we distinctly use two phrases, “an allocatibtocks an allocation” and “an allocatiorb
dominates an allocation” The former implies that given an initial allocatien the realization of allocation
b can be hampered by some players who alternatively propose alloeatiom the other hand, the latter
means that once an allocatibiis realized, this allocation can be replaced by another allocation



In the marketM (a), an allocatiorb is competitive if there exists a non-zero vector
of non-negative numbers = (pi,...,p,) such that for each € N, (i) a; ~; b;
impliesp; > p; wherep, denotes the price af; andp; denotes the price af; and
(i) for j € N with b; = a;, p; = p; holds. The set of competitive allocations of the
market M (a) is denoted byC' A(a). It is easily confirmed that ib € C'A(a), then
b 7Z; a holds for alli € N. Moreover, ifb is a competitive allocation of markét (a),
it is also a competitive allocation d¥/(b). This is checked as follows. Letbe a
competitive price supporting allocatiégnin marketM (a). Consider a price vectar
such thay; = p; if and only if b; = a;. Then, allocatiorb is competitive for thisy in
marketM (b).

Roth and Postlewaite (1977) define an allocatidn be stable itz € C(a) holds.
Likewise, we define an allocatianto be strictly stable it € SC(a).

We note that the set of strictly stable allocations, which we will denote at the mo-
ment by K, coincides with the set of all the Pareto-efficient allocations, which is de-
fined by

APP = {a € A there does not exigtsuch thab weakly Pareto-dominates .

Takea € K and assume ¢ APE. Then, there exists such thath weakly Pareto-
dominates:. This implies that in the market/ (a), b weakly dominates via coalition
N. This contradicts: € SC(a). Next, takea € AF and assume ¢ K. Then there
exists coalitionS and allocatiord such that (i{a; : i € S} = {b; : i € S}, (i) a; = b;
foralli € N\ S, and (i) b Z; a for all i € S andb >, a for somej € S. However,
this impliesb weakly Pareto-dominates— a contradiction.

By this very fact, we can claim that there always exists an allocation that is strictly
stable. Since every strictly stable allocation is in fact stable by definition, this fact
provides a way, different from Roth and Postlewaite (1977) to show the existence of a
stable allocation.

Next, we explain the top trading cycles algorithm introduced by David Gale in
Shapley and Scarf (1974). L&' C N be a coalition and. be an allocation. A top
trading cycle coalition forN’ in the marketM (a) is a non-empty subsét of N/,
whose members can be indexed in a cycle order,

T = {ity1 =11,02,...,0¢},

in such a way that each tradar prefers the good of;. 1, i.e., a;, ,,, at least as good

as any other goods possessed by any tradat irBy the finiteness ofV’, it is evident
that every coalitionV’ has at least one top trading cycle coalition. Using this idea, we
can obtain a top trading cycles partition &f

Ty, Ts,...,T,, where U Ty = N,
k=1

by takingTy, 1 < k& < m, to be any top trading cycle coalition fo¥ \ Uﬁ: T,. We
can also obtain the correponding allocatiosuch that for eachy, in 7p,, b;, = a;, .,
i.e., anyiy € T}, obtains the goods prescribed by the trading cyclé&,n
LetTTC/(a) be the set of allocations that can be obtained as the result of top trading
cycles algorithm for market/ (a).
In the literature, the following facts are known:

Factl SC(a) C CA(a) C C(a). Moreover, if no agent’s preferences exhibit indif-
ference between two objects, th8@’(a) = C A(a) and is a singleton but still



may be a strict subset 6f(a). (Shapley and Scarf, 1974; Wako, 1984; Roth and
Postlewaite, 1977)

Fact 2 C' A(a) is not empty; thu€’(a) is also non-empty. (Shapley and Scarf, 1974)
Fact 3 SC(a) may be empty. (Shapley and Scarf, 1974)

Fact4 b € C(a) does notimply thak is stable. On the other hande SC/(a) implies
thatb is strictly stable. (The former statement is by Roth and Postlewaite, 1977;
the latter is checked as follows. Assume SC(a) for somea is not strictly
stable. This implies that id/(b), there exists: satisfying conditions (b.i) and
(b.ii"). However, this also implies that it/ (a), an allocatiort can weakly block
allocationbd by coalition N — a contradiction.)

Fact 5 For competitive allocatiod € CA(a), there may exist another competitive
allocationc € C'A(a) such thatc weakly Pareto-dominateds Moreover, for
b € CA(a), there may exist allocatione A\ C A(a) such that weakly Pareto-
dominate9. (Roth and Postlewaite, 1977)

Fact 6 Every competitive allocation i’ A(a) can be obtained from the “top trading
cycles” algorithm and vice versa. (Shapley and Scarf, 1974) THU/(a) =
CA(a).

From these facts, we find that there is some difficulty in applying any of these so-
lution concepts to both descriptive and prescriptive analyses of Shapley-Scarf housing
market. If we adopt the core as our solution concept, then we immediately find that
the allocation in the core is not stable in the sense of the dynamics by Fact 4. Fact 4
also suggests that the strict core is a robust concept in the sense of dynamics but Fact 3
says that in some case, the strict core is empty and it does not provide any prediction.
The set of competitive allocations always exits and it is a refinement of the core and is
Pareto efficient if all agents’ preferences are strict (Fact 1 and Fact 2). However, in the
presence of indifference, the competitive “mechanism” may not be Pareto-satisfactory,
in contrast with the case of the exchange economy with divisible goods. That is, even
if a is a competitive allocation of some market, there may exist another allodaition
the market such thdt weakly Pareto-dominates (Fact 5). This means that the first
theorem of welfare economics does not generally hold in a Shapley-Scarf housing mar-
ket. In fact, there exists an economy, which is given below, in which every competitive
allocation is not Pareto-efficient.

Example 1. The following example is from Wako (1999). Consider three traders with
the following preferences,

Traderl : Wwo >1 W3 >1 Wi
Trader2: wy ~2 ws >2 ws
Trader3 : wy =3 wy; ~3 ws

Then, it is easily confirmed that in markéf (w), there exist two competitive al-
locationsa = (we,w;,ws) andb = (wy,ws,ws). However,a is weakly Pareto-
dominated by allocatio(w-, w3, wy) andb is weakly Pareto-dominated by allocation
(wg,wl,wg).



In Sections 3 and 4, we consider these problems by explicitly outlining the dynamic
process. In these sections, we show that a strictly stable allocation have nice proper-
ties in the dynamics of exchange of the commodities, thus solving the problems listed
earlier. That s, a strictly stable allocation always exists, is Pareto efficient, and is an al-
location that can be reached as a limit point of our dynamic processes. We find that all
of the problems (instability of the core, emptiness of the strict core, and inefficiency of
the competitive allocations) can be resolved when we consider the dynamics and adopt
the strict stability as a solution concept because the dynamics converges with proba-
bility one to a strictly stable allocation, the strict core exists in the market with initial
allocation being strictly stable, and the strictly stable allocation is Pareto-efficient.

3 Dynamics and stability

Let & be a correspondence that associates with any allocatemon-empty subset
®(a) of A. We define theb-dynamics of the indivisible goods market as follows:

®-Dynamics
Step 0. Start with any allocatiarf.
Repeatedly apply the following step from m = 1 ad infinitum.

Step m. Take any allocatiom from ®(a™ ') with positive probability. Set™ = a. We
assume that the probability that any particular allocatias chosen fromb(a™ ') de-
pends only on allocation™ *.

Given @, an infinite sequencga™}>_, in A is called an outcome of thé-
Dynamics ifa® = w and form = 1,2,...,a™ € ®(a™1).

We say that an infinite sequenée™ }°°_, converges to an allocation if there
exists some integet/ such that for somen =2 M, a = o™, and for allm = M,

a ~; a™ holds for alli € N. Thus, if the sequence convergesii@fter some step/,
only the allocations that are equivalentitare realized.

Now we introduce two candidates fér. First is the competitive allocations. Let
deomP = C'A. Then,®<°™P-dynamics is called the competitive dynamics. Note that
by Fact 2,0°°™?(q) £ @ for all a € A.

Next we define the weak dominance dynamics. Given coaliti@md two alloca-
tionsa andb, we write a Sobif {a; : i € S} ={b; : i € S} anda; = b; for all
1 € N\ S. We say that an allocationweakly dominates an allocatienvia coalition
S, and we writeb >g a, if there exists coalitiort such that

@.i)a 25 b, and
(d.iiy b Z; aforalli € S andb -, a for somej € S.

If there exists some coalitiofi such thab >g a, we sayb weakly dominates and we
write b > a.
For any allocatior: € A, we defineD(a) by

D(a)={be A:b>a}

’

2This does not imply that for any two integers, m’ > M, ®(a™) = &(a™ ).



Then, dwdom is defined byd™ ™ (a) = D(a) if D(a) # 0 and®¥9(a) = {a}
otherwise. Thabw4™-dynamics is called the weakly dominance dynamics.

We say that coalitiorb and allocatiorb are a genuine deviant coalition and a gen-
uine deviant allocation fou if (i) b>s @ and (ii) S can be represented Hy;,1 =
i1,%2,...,1s} such that;, = a;,, forallk = 1,...,s. Asthe next lemma shows,
whenever allocation is weakly dominated by other allocation, there exist a genuine
deviant coalition and a genuine deviant allocationdor

Lemma 1. If b>g a holds, there exist a genuine deviant coalitidnand a genuine
deviant allocatior: for a.

Proof. We first note without proof that i >5 a, there exists a partition &, {71, T5,
, T}, such that eacff), can be represented by

_ [k -k
T ={if, 41 = i, 5, Ztk}

and for eachh, bzk =ap . Becausé g a, there must exist € S such thab; =; a;.
Let T}, be the subcoalltlon af such that € T},. Define a new allocation as follows:
c; = b;jif j € T}, andc; = a; otherwise. Then]} andc are a genuine deviant
coalition and a genuine deviant allocation fgrespectively. O

Two theorems below affirmatively answer the question of whether the competitive
dynamics and the weakly dominance dynamics guarantee the paths that lead to con-
vergent allocations. A consequence is that two dynamics converge to some allocations
with probability one, beginning from an arbitrary initial allocation. Moreover, the con-
vergent allocations must be strictly stable. These results are presented as corollaries to
the two theorems.

Theorem 1. Take any allocatiom € A. There exists a finite sequence of allocations
a®,...,a" such thata® = a, a¥ is strictly stable, and for each = 1,...,k, a™ €
(I)comp(am—l)'

Proof. We first provide some notations. For any subdetc A of allocations, define
QOmP(A”) = Jyear @™ (a). Also, for any allocatiom € A, let¥™ (a), m = 1, be
defined as follows:

() = BT (BT (- (B (@) )

m times

Thus, U™ (a) is the set of allocations that are obtained from repeating the operation
oeomP m times, starting with the initial allocation. Sincec € CA(b) for some
allocationd impliesc € CA(c), ¥'(a) C ¥%(a) C --- C ¥™(a) C --- C A holds.
Note that together with the fact that¥™ (a) = \Iﬂ”“( ) implies U™ (a) = ¥ (a)
for all m’ = m, this implies that there exists a convergent®ét(a) C A such that
there exists\/ such that for alin = M, ¥ (a) = ¥°°(a). This M must be less than
or equal tg A|.

Now we show the following claim.

Claim 1: There exists a finite sequence of allocatiefis. . . , a* such that® = a, for
eachm = 1,...,k, a™ € & (a™1), and for anyc € ¥ (a*), ¢ ~; a* for all
1€ N.

Consider the se?*>°(a) C A. Then, sincel'*(a) is a finite set, there must exist
b € U*(a) such thatb is not weakly Pareto-dominated by any other allocation in



U (a). Then, by the definition o> (a), there exists a finite sequence of allocations
a’,...,a" starting froma® = « and ending witha* = b such that for eachn =
L,...,k a™ € ®°mP(q™~1). Sincea™ € C A(a™!), allocationa™ weakly Pareto-
dominates or is equivalent to allocatieff’, the construction ob implies that for any
ce U>®(),c~;bforalli e N.

By Claim 1, the proof of the theorem is complete if we show thatvhich is
defined in the above paragraph, is strictly stable. Assume, in negatiory, ithabt
strictly stable. Then, for somec A and some5 C N, ¢>g b must hold. Because of
Lemma 1, without loss of generality, I8tandc be a genuine deviant coalition and a
genuine deviant allocation fér

We now show the following claim.

Claim 2: In the market)M (b), there exists some competitive allocatibsuch that for
somei € N, d =; b.

This claim follows from the observation that becatse not strictly stable, it must
be weakly dominated by another allocation. By proposition 2 of Wako (1991), alloca-
tion b must be weakly dominated by some competitive allocation. Label this allocation
asd. Then, by definition of weak domination, there must exist seraeN such that
d»; b.

The above claim shows that there exists some competitive allocaitdihe market
M (b) such that for someé € N, d >, b holds. However) is an allocation such that
for anyc € U*°(b) — in particular, for any: € CA(b) — ¢ ~; b holds for anyi € N,
which yields a contradiction. O

Theorem 2. Take any allocatio € A. There exists a finite sequence of allocations
a®,...,a"* such thata® = q, a” is strictly stable, and for eachh = 1,...,k, a™ €
(I)wdom(am—l).

Proof. Let {a™}>_, be an outcome of the weakly dominance dynamics. If for some
a™, D(a™) is empty, thisa™ must be strictly stable. On the other hand, whenever
D(a™) is not empty, any allocation™*! € D(a™) weakly Pareto-dominates™.
Because is finite, this implies that there must exist a finite integérsuch that for all

m 2 M, D(a™) = (). Therefore, we have the desired result. O

The preceding theorems show that there exists a sequence of allocations that re-
sult from either the competitive dynamics or the weak dominance dynamics which
converges to a strictly stable allocation. One question to consider is whether all such
sequences converge to some strictly stable allocation. The answer regarding the com-
petitive dynamics is negative; there can exist a cycle consisting of two different allo-
cations that may be Pareto-indifferent among agents. Instead, if we consider a random
process as is assumed in Roth and Vande Vate (1990), we have the following.

Corollary 1. From any initial allocationa, the competitive dynamics converges to
some strictly stable allocatio@* with probability one.

Corollary 2. From any initial allocationa, the weakly dominance dynamics converges
to some strictly stable allocatios* with probability one.

For the weak dominance dynamics, however, we do have convergence for all such
sequences. We state this fact without proof since it follows from the same argument as
the preceding theorem.



Corollary 3. Every sequencéa™}5°_, that is consistent with the weak dominance
dynamics must converge to a strictly stable allocation.

Remark 1. We can show similarly that if we consider a (strong) dominance dynamic
process, every resulting sequence of allocations must converge to a stable allocation.
This argument sheds light on another interpretation of the stability concept defined by
Roth and Postlewaite (1977). They argue that once a stable allocation is reached, there
will be no further trading. Our interpretation is that a stable allocation can be reached

in a finite number of exchanges using the dominance dynamics. Putting these two ideas
together, we have an interpretation of the stability of stable allocations that is similar
to that of the stable set of von Neumann and Morgenstern (1953).

If an allocationd is a competitive allocation of some markkf(a), b € CA(b)
holds by the definition of the competitive allocations, indicating thatC'(b). Thus, in
the competitive dynamics, any allocation appeared in this dynamics is stable. However,
the strict stability holds only for the convergent allocations.

The remaining question in the above discussion is the existence of strictly stable
allocations. An affirmative answer is obtained in the next section. Moreover, it is also
shown that the strictly stable allocation is Pareto-efficient (see the proof of Theorem 3
and the last paragraph of Section 4).

4 Pairwise exchange and foresight

Pairwise exchange of indivisible goods between two traders may be more convincing
in some situation. In order to examine the difference between coalitional exchange
environment and pairwise exchange environment, we consider the pairwise weakly
dominance dynamics. For any allocatior A, we defineD?(a) by

. S
Dp(a) = {b €A: biiaforz.laﬁnghgégnabii.Z?o:é)mej (S S} ’

Then,®Pwdom is defined byd?wdo™ (a) = DP(a)if DP(a) # () and®Pv4°™ (a) = {a}
otherwise. ThabPwdom™_dynamics is called the weakly pairwise dominance dynamics.

The question is whether convergent results like Theorems 1 and 2 hold for pairwise
weakly dominance dynamics. The following example shows the negative answer to this
question. This is quite in contrast with Roth and Vande Vate (1990) and Diamantoudi
et al. (2004) that respectively consider the dynamics in the marriage problem and the
roommate problem and show that the convergent results to the stable outcomes holds
in these environments even though they do not consider deviation of more than two
players coalition.

Example 2. Let there be three traders with the following preferences,

Traderl : wy =1 wy; =1 w3
Trader2: ws >o we >2 wi
Traders3 : wyp >3 W3 >3 W2

The allocatior: = (ws, w3, w1 ), in which every trader owns his most preferred items,
clearly belongs to the strict core of the initial marRé{(w) and is also unique compet-
itive allocation ofM (w). However, the pairwise weakly dominance dynamics predicts
that the initial Pareto inefficient allocation = (wq,ws,ws) prevails because any
pairwise trade between two players inevitably makes one of the two worse off.



Thus, in the weakly pairwise dominance dynamics, the dynamics may stop at
Pareto-inefficient allocation. This is due to the “myopia” of the players presumed in
this dynamics. In the example above, if traders are assumed to have some kinds of
“foresight,” trader2 may agree to trade with tradér despite the fact that this trade
allocations ta2 his worst commodityw;. The reason for this is th&t can now trade
with 3, resulting in3 receivingw; and2 receivingws.

To demonstrate this point, we consider the dominance relation that captures the
farsightedness of traders.

Motivated by Harsanyi (1974) and Chwe (1994), we define the dominance re-
lation that captures the players’ foresight as follows. We say that an allodation
pairwise weakly farsightedly dominates or pwf-dominates an allocatjoand we

write b » a, if there exist finite sequences of pairs!, 52,..., 59 and allocations
a=a’,a',...,a? = bsuchthatforeach,1 <k <gq,
() [S5] =2,
Sk

(f.ii) a*~1 2% ok, and

(f.iii) b=; a*~foralli € Sy,
and

(f.iv) for somei € S1, b >; a°.

The interpretation is that there is a "leading” deviator that initiates this sequence of
pairwise trading, and this leading deviator is better off in the final allocation. A pairwise
weakly farsightedly stable set (PWFSS) is a subsetf A that satisfies the following

two conditions:

(s.i) Foranya,b € K, a » b does not hold,
(s.ii) Foranya € A\ K, there exist$ € K such thab » a.

Thus, a PWFSS is a stable set for an abstract sy&tem ). Conditions (s.i) and
(s.ii) are refereed to as the “internal stability” and the “external stability,” respectively.

A PWESS presumes the following standard of behaviors of individuals. Suppose
that allocations in sek” are commonly considered to be “stable” and allocations out-
side K to be “unstable” by all the individuals. Then, once an allocatioim K is
reached, any deviation from never occurs because there exists no stable allocation
that pwf-dominates, and if in time an outcomé outsideK is reached, there exists
stable outcome € K that pwf-dominateg. Therefore, in a dynamic sense, it is in-
terpreted as follows. From any initial allocatibroutside K, there exists a sequence
of allocations starting frorh and ending with some allocatianin K such that in each
step, two farsighted traders exchange their goods comparing the their current items
with their final items in allocation. On the other hand, from any allocation/iy such
a sequence of allocations does not exist.

We show in the following that the set of strictly stable allocations is the unique
stable set with respect . Before doing so, we note two propertieseothat are used
in the proof of the main resuilt.

Lemma 2. If b » a, thenb weakly Pareto dominates
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Proof. Supposeé » « holds. Then, by definition, there exists a sequence of pairs
S, 82 ... S?7anda = a°,a', -+ ,a' = b such that conditions (f.i) through (f.iii)
and (f.iv) hold. By definition, for somée S, b =; a. It now remains to show that for

all otheri € N, b Z; a. Take anyi € N and consider the first stép< ¢ that: appears

in the sequence. By how the sequence is defined We&ﬁa\kt a;. Then, by (f.iii)

b 7 afﬁl = a;, and thus) =; a. Thereforep weakly Pareto dominates O

For the next preliminary result, we need the following notation. If there exists a se-
guence of allocations and pairs from allocatioto b satisfying condition (f.i), (f.ii)

and (f.iii), we say that there exists a weak pairwise path feolm b and writea — b.
Note that by the same logic as the previous lemma, we must have thatifb, then
br;aforallie N.

Lemma 3. If b € CA(a), thena — b.

Proof. Since an allocatiohis obtained as the results of the top trading cycles algorithm
applied for the markef/(a), there is the corresponding top trading cycles partition

Ti,...,T,, of N. Delete all the singleton coalitions in this partition, and we obtain
Ry,...,R,,, where for eactk, 1 < k < m/, there existd;, 1 < h < m, such that
Ry = Ty. Let, for eachk, 1 < k < m/, R, be represented by
Ry ={if . =dt,i5,...ik
where the indices of the traders represent trading cycle prescribed by the algorithm.
Define a sequence of two-traders coalitisis 52, . .., 5S¢ and a sequence of allo-
cationsa = a®,al, ..., a? = b as follows:

=
k=1
andforh =71y + -+ 1,1+ £andl < ¢ < ry,

Sh = {257 i§+1}7
a"is suchthat’, = o/, ', ali,  =al " anda? =o' foralli e N\ S™.
4 Yot 041 Y

Then, it is easily shown that these sequences of coalitions and allocations satisfy (f.i)
and (f.ii).
(The above proof is reproduced from the previous version of the paper)

To show that (f.iii) holds, take any and letS" = {i, j} c R* for somek. By how
the trading cycles are defined, it must be the case that forieac$, a?‘l is a good
traded withinR*. Moreover, sincé is a competitive allocation, we can take, without
loss of generality, a price vectprsuch that

e the prices are the same for each good initially owned by members of the same
(top) trading cycle

o for k' < k", prr > pr» Wherepy, represents the price of a good traded within
trading cycleR*

Thus, sinceh assigns and;j a good inR*, by definition of a competitive allocation,

we must havé =; a! " andb =z o/ " O
Further inspection of the proof shows that the order in which these coalitions deviate
is not important for the relatior- to hold. This observation is important when we use
this lemma to construct a sequence such that the stronger rebatioids.

11



Theorem 3. The set of strictly stable allocations (denoted &Y is the unique stable
set defined by-.

Proof. Internal stability is established by the first lemma. To show external stability,
take anya € A\ K. Because: is not weakly Pareto optimal, proposition 2 of Wako
(1991) implies that there exists € C'A(a) such thath weakly Pareto dominates
Leti € N be any agent such that-; a. Constructa — b such thatS* = {i, j}
wherej is the agent that satisfids = a;. If b happens to be Pareto optimal, then
b € K andb » a, finishing the proof. If not, start frorh and construct a sequence
{b*} that converges to an allocatienc K such that for all integeré > 1, bk*! ¢
CA(b*). Lemma 3 shows that #™ € &< (a™~1) anda™ # o™, a™ ! »— a™.
Furthermore, for any integekst with ¢ > s, simply connecting weak pairwise paths
a® — a1t ot @512 . at~! — af, we obtaine® — a®. In this manner, we
can constuct a sequence such that ¢. To check that external stability df holds,
recall that the competitive-dynamics converges to some allocatiéh in

By lemma 3,bF — b**1. Then, we can connect these sequences together to form
a long sequence fromto ¢ that satisfies (f.i), (f.ii), and (f.iv). (f.iii) follows from the
observation that — b impliesd -; a for all i € N and from a similar logic used in
the proof of lemma 2.

Uniqueness follows also from lemma 2, since no allocatialt icannot be pairwise
weakly farsightedly dominated by another allocation. O

5 Conclusion

In this paper, we consider several types of dynamics in Shapley-Scarf exchange econ-
omy with indivisible commodities and show that in all of these dynamics except for the
pairwise weakly dominance dynamics, a Pareto-efficient allocation is reached. These
results give useful insight on the market with indivisible commodities and how an effi-
cient allocation can be reached.

First, if the market functions are in such a way that the competitive allocations are
expected to be realized, the Pareto-efficient allocation will be attained after some steps
of reallocation. This result hinges on the assumption that there is enough structure to
the market that allows a competitive allocation to result.

Second, a Pareto-efficient allocation can be realized after reallocations using the
weak dominance dynamics. In the weak dominance dynamics, a group of agents can
convene together and redistribute their endowments at any time. Unlike the competi-
tive dynamics, we do not require as much structure for this dynamic process to work.
However, we still need some structure to allow a group of possibly large number of
agents to cooperate together.

To get around this largeness, our third result shows that if agents are sufficiently
farsighted, the set of strictly stable allocation can be attained by a sequence of bilateral
trades, which are the simplest possible trades in the model. Our results then imply
that even without the ability to be able to have a large group of agents to cooperate,
farsighted bilateral trading can lead to an efficient allocation.
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